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Abstract We have carried out a study of the momentum distribution and
of the spectrum of elementary excitations of liquid 4He across the normal-
superfluid transition temperature, using the path integral Monte Carlo method.
Our results for the momentum distribution in the superfluid regime show that
a kink is present in the range of momenta corresponding to the roton excita-
tion. This effect disappears when crossing the transition temperature to the
normal fluid, in a behavior currently unexplained by theory.
Keywords Superfluid Helium · Momentum Distribution · Quantum Monte
Carlo
1 Introduction
Continued theoretical and experimental work in the last decades have led to
an accurate knowledge of the superfluid transition in liquid 4He [1]. Proba-
bly, the most important feature is the suppression of the superfluid density
above the critical temperature Tλ = 2.17 K. The condensate fraction, which
quantifies the macroscopic occupation of the zero-momentum state, vanishes
at the same point. The nature of the excitations of the system is also modified
in a significant way. By means of neutron scattering one can access to the
dynamic structure function S(k, ω) which contains the maximum attainable
information on the excitations of the fluid [2]. The most noticeable feature in
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the dynamic response when Tλ is crossed is the disappearance of the roton as a
quasi-particle mode and, as a consequence, of the conditions for superfluidity
according to the Landau criterion.
The behavior of the momentum distribution of the 4He atoms n(k) is no-
tably different in the two sides of the transition, the change being mainly in
the limit of low momenta. First of all, in the superfluid regime, the presence
of a condensate gives rise to a sharp delta contribution at k = 0. Furthermore,
n(k) shows a singular 1/k behavior which can be explained in terms of a cou-
pling between the condensate and the long-wavelength excitations (phonons)
[3,4]. On the other hand, the width of n(k) increases slightly with T by a
merely thermal effect. However, some theoretical calculations in the limit of
zero temperature point out that the shape of n(k) presents a change in the
slope, or a kink, at k ≃ 2 A˚−1 [5,6,7], i.e. in the regime of momenta in which
the dynamic structure factor displays a strong quasiparticle peak correspond-
ing to the roton. This tiny effect was not studied in previous calculations at
finite temperature [8]. It is therefore plausible to think that the kink in n(k)
can be related to the roton mode, in a similar way as the 1/k divergence at
low momenta is ascribed to phonons.
The aim of this paper is to investigate the relation between the presence
of the kink in n(k) and that of the roton-mode in S(k, ω). For this purpose,
we perform path integral Monte Carlo (PIMC) simulations of 4He across the
normal-superfluid transition and we calculate both the momentum distribution
and the roton energy and strength. Our results do show that, as the liquid
enters the normal phase, the kink is slowly smoothed out and the strength of
the roton mode vanishes, supporting thus the hypothesis that the kink in the
momentum distribution is a signal of the presence of the roton mode.
In the next Section, we introduce some basics on the PIMC method and
on the stochastic optimization method used for the estimation of the dynamic
response from the imaginary-time correlation factor. In Sec. 3, we report the
results obtained on the momentum distribution and strength of the roton mode
in a range of temperatures across the normal-superfluid phase transition. Fi-
nally, Sec. 4 comprises a brief summary of the paper and the main conclusions
resulting from our microscopic calculations.
2 The path integral Monte Carlo method
At the microscopic level, liquid 4He can be described as a quantum N -body
system, whose Hamiltonian takes the form:
Hˆ = Kˆ + Vˆ = −
~
2
2m
N∑
i=1
∇2 +
∑
i<j
V (|ri − rj |) , (1)
where m is the mass of a 4He atom. The interaction between two particles in
ri and rj is accurately described by the Aziz potential [9].
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The properties of this system at a finite temperature T are obtainable
from the thermal density matrix ρˆ = e−βHˆ/Z, where β = 1/(kBT ), kB is
the Boltzmann constant, and Z = Tr(e−βHˆ) is the partition function. The
knowledge of ρˆ allows for the calculation of the expected value of any operator
Oˆ,
〈Oˆ〉 = Tr(ρˆ Oˆ) =
∫
dR ρ(R,R;β)O(R) , (2)
where in the last term of the equation we have used the coordinate repre-
sentation, R = {r1, . . . , rN} being the set of coordinates of the N particles
in the system. Deep in the quantum regime, i.e. at very low temperature,
the estimation of the thermal density matrix is unfeasible, due to the non-
commutativity of the kinetic and potential energy operators appearing in the
Hamiltonian (Eq. 1). Nevertheless, this problem can be overcome applying the
convolution property of ρˆ and rewriting Eq. 2 as
〈Oˆ〉 =
∫
dR1 . . . dRM
M∏
j=1
ρ(Rj ,Rj+1; τ)O(R1 . . .RM ) , (3)
withM being an integer and τ = β/M . In this way, the thermal density matrix
at the desired temperature T is obtained from a product of density matrices
at a higher temperature MT , where the effects of the non commutativity of
Kˆ and Vˆ are reduced and it is easy to build approximations for the quantum
density matrix.
For a Bose system, the function ρ(Rj ,Rj+1; τ) is positive definite and the
product appearing in Eq. 3 can be considered as a probability distribution.
Thus, the thermal averages 〈Oˆ〉 can be efficiently estimated with a stochas-
tic Monte Carlo technique, the so-called path integral Monte Carlo (PIMC)
method [10]. Although increasing the number M of convolution terms (usu-
ally called beads) in Eq. 3 allows to reduce the systematic error due to the
approximation of the thermal density matrix and eventually to recover ”ex-
actly” the expectation values, it is fundamental to use a good approximation
for the thermal density matrix in order to reduce the numerical complexity of
the algorithm and to avoid ergodicity issues in the sampling. To this end, we
use a fourth-order time-step (τ) approximation [11], based on a symplectic
expansion of the propagator due to Chin [12].
An additional difficulty in the PIMC simulations of liquid 4He at low tem-
peratures arises from the indistinguishability of the particles. This problem can
be solved sampling numerically the bosonic permutations among the atoms:
we have used the worm algorithm which is an efficient method aimed at this
goal [13].
The PIMC method is able to give an accurate description of the static
properties of Bose systems, but it does not allow for the calculations of real-
time correlation functions, which are fundamental to study dynamic proper-
ties, such as the spectrum of the elementary excitations. A quantity that is
easily accessible in PIMC simulation is the intermediate scattering function
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Fig. 1 (Color online) One-body density matrix of liquid 4He at different temperatures at
saturated vapor pressure (SVP).
F (k, τ) = 1/N 〈ρˆk(τ) ρˆ
†
k
(0)〉, with ρˆk(τ) =
∑N
i=1 e
ik·ri being the density fluc-
tuation operator. This function F (k, τ) can be considered as a correlation
function in imaginary time and it can be related to the dynamic structure
factor S(k, ω) by a Laplace Transform. Even if the inversion of the Laplace
transform is an ill-posed problem, many numerical algorithms have been de-
veloped to recover reasonable estimates of S(k, ω) from the PIMC data for
F (k, τ) [14,15,16,17,18]. In this work, to obtain the dynamic structure factor,
we use a stochastic optimization algorithm based on simulated annealing, as
described in Ref. [19].
3 Results
We have performed PIMC calculations of liquid 4He following the SVP and
p = 10 atm densities, from T = 0.8 to 4K, with N = 64 particles in the
simulation box under periodic boundary conditions. We have checked that the
use of larger number of particles does not modify the main results discussed
in this Section.
Following Eq. 3, we implemented the calculation of the one-body density
matrix, defined as
ρ1(r1, r
′
1) =
V
Z
∫
dr2 . . . drMρ(R,R
′;β) , (4)
Momentum distribution of liquid 4He across Tλ 5
 0
 0.01
 0.02
 0.03
 0.04
 0.05
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
k 
n(
k)
 [
Å
2 ]
k [Å−1]
SVP
T = 1.2 K
T = 2.0 K
T = 2.4 K
T = 3.2 K
T = 4.0 K
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
k [Å−1]
p = 10 atm
T = 1.2 K
T = 2.0 K
T = 2.4 K
T = 3.2 K
T = 4.0 K
0.002
0.006
0.010
0.014
0.018
0.022
0.026
1.5 2.0 2.5
0.002
0.006
0.010
0.014
0.018
0.022
0.026
1.5 2.0 2.5
Fig. 2 (Color online) The momentum distribution plotted as kn(k) at two different pres-
sures and temperatures. The insets show the same results but focused around k ≃ 2 A˚−1.
Left: Results at saturated vapor pressure (SVP). Right: Results at a higher pressure p = 10
atm.
where ρ(R,R′;β) is the thermal density matrix computed for two configu-
rations R = {r1, r2 . . . , rN} and R
′ = {r′1, r2 . . . , rN} which differs for the
position of only one particle. We reported the influence of the temperature on
this function in Fig. 1, sampled from non-diagonal configurations along the
simulation.
As it is well known, there are significant differences between results for
ρ1(r) obtained below and above the critical temperature Tλ. In the superfluid
regime, T < Tλ, the one-body density matrix shows a plateau at large distances
corresponding to the presence of a finite occupation of the zero-momentum
state. Instead, in the normal phase, T > Tλ, the one-body density matrix
decays exponentially to zero pointing to the absence of off-diagonal long range
order in the system.
The momentum distribution n(k) can be obtained from the Fourier trans-
form of the one-body density matrix ρ1(r) (Eq. 4) as
n(k) = n0δ(k) + ρ
∫
d3r eik·r (ρ1(r) − n0) , (5)
where ρ stands for the density of our system and n0 = limr→∞ ρ1(r) is the
condensate fraction. Results of n(k) for a range of temperatures across Tλ are
reported in Fig. 2, plotted as kn(k). Our data start at a k value compatible
with the finite size of the system, kmin = 2pi/L, with L the length of any side
of the cubic simulation box. Therefore, we are not able to show the k → 0
behavior of the momentum distribution.
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Fig. 3 (Color online) Left: Maximum height of the dynamic structure factor S(k, ω) of the
roton (k ∼ 1.91 A˚−1) across the normal-superfluid phase transition. All data are normal-
ized by the maximum height at T = 0.8 K and SVP. Right: Temperature dependence of
the phonon (k ∼ 0.43 A˚−1), maxon (k ∼ 1.24 A˚−1) and roton (k ∼ 1.91 A˚−1) energy.
Experimental results for the roton energy from Ref. [20]. In both figures kR and ωR are the
momentum and the energy of the roton, respectively.
When T increases we see a progressive broadening of the distribution due
to a classical thermal effect. However, in this evolution with T we can observe a
non-trivial effect that appears at intermediate k values, 1.5 < k < 2.5 A˚−1. As
we show in Fig. 2, and in particular in the inset, there is a kink of n(k) within
this k range for temperatures smaller than Tλ, i.e., in the superfluid regime.
As the temperature increases, and goes near the transition point, the kink
becomes smoother, and it completely disappears for T > Tλ. We also notice
that the kink is a bit more pronounced at SVP, when the intensity of the roton
peak in the dynamic structure factor is larger (see Fig 3a). The location of
this kink around k ≃ 2 A˚−1 leads us to think that the kink can be related
to the characteristic momentum of the roton excitation. It is known that the
roton quasi-particle excitation is associated to the superfluidity of the system
through the Landau criterium. In the normal phase, the roton disappears as a
quasi-particle peak in the dynamic response S(k, ω). Therefore, the connection
between this kink in n(k) and the roton excitation seems rather plausible.
The evolution of the roton with temperature has been studied by means
of the inverse Laplace transform of the intermediate scattering function [19],
as commented in the previous Section. In Fig. 3 (left panel), we show how
the maximum height of the dynamic structure factor slowly decreases in the
superfluid phase as we increase the temperature, until it experiences an abrupt
drop once we enter the normal phase and then on it remains constant. This is
an expected result since the quasi-particle peak of the roton excitation disap-
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pears once we cross Tλ. Our data, reported in the figure, also show that the
strength of the roton peak is slightly reduced when the pressure increases.
We can also look for the energy of the roton excitation, as well as the
phonon and maxon excitations, and see how they evolve with temperature
(see Fig. 3, right panel). In the superfluid phase, for the roton, the energy de-
creases as we increase the temperature. At higher temperatures, in the normal
phase, it seems that the energy raises again, but one can not really speak about
roton mode anymore due to the wide broadening of its peak. As a matter of
comparison, we report in Fig. 3 data obtained for the maxon and phonon ener-
gies. For the maxon excitation, the behavior is similar to the one of the roton,
but in this case the strength of the peak when crossing Tλ is not so drastically
reduced [19]. In the case of the phonon, the influence of the temperature is
much smaller than in the previous cases.
4 Conclusions
We have carried out a microscopic study of the momentum distribution of liq-
uid 4He at finite temperature using the PIMC method. Our aim has been to
determine the possible origin of the kink that n(k) shows at k values around
the roton momentum. This is not the first observation of this kink in theoret-
ical calculations since it was already obtained more that twenty years ago [5].
The location of the kink around the roton momentum led the idea of its re-
lation with the roton but without further analysis. Now, we have shown that
this scenario is more plausible because the kink vanishes when Tλ is crossed,
mimicking the behavior of the roton quasi-particle peak.
Acknowledgements We acknowledge partial financial support from the MICINN (Spain)
Grant No. FIS2014-56257-C2-1-P.
References
1. Henry R. Glyde, Excitations in Liquid and Solid Helium (Oxford University Press, Ox-
ford, 1994).
2. S. W. Lovesey, Condensed Matter Physics: dynamic correlations (Benjamin-Cummings,
San Francisco, 1986).
3. J. Gavoret and P. Nozieres , Ann.Phys. (N.Y.), 28 349 (1964).
4. P. Sokol, in Bose-Einstein Condensation, Ed. A. Griffin, D.W. Snooke, and S. Stringari,
Cambridge University Press (1995).
5. E. Manousakis, V. R. Pandharipande, and Q. N. Usmani, Phys. Rev. B 31, 7022 (1985).
6. S. Moroni, G. Senatore, S. Fantoni, Phys. Rev. B 55, 1040 (1997).
7. R. Rota and J. Boronat, J. Low Temp. Phys. 166, 21 (2012).
8. D.M. Ceperley and E.L. Pollock, Phys. Rev. Lett. 56, 351 (1986).
9. R. A. Aziz, F.R. W. McCourt, and C. C. K. Wong, Mol. Phys. 61, 1487 (1987).
10. D.M. Ceperley Rev. Mod. Phys. 67, 279 (1995).
11. K. Sakkos, J. Casulleras, and J. Boronat, J. Chem. Phys. 130, 204109 (2009).
12. Siu A. Chin and C. R. Chen, J. Chem. Phys. 117, 1409 (2002).
13. M. Boninsegni, N. V. Prokof’ev, and B. V. Svistunov Phys. Rev. E 74, 036701 (2006).
14. M. Jarrell and J.E. Gubernatis, Phys. Rep. 269, 133 (1996).
8 G. Ferre´ et al.
15. A.W. Sandwik, Phys. Rev. B, 57, 10287 (1998)
16. A.S. Mishckenko, N.V. Prokof’ev, A. Sakamoto and B.V. Svistunov, Phys. Rev. B 62,
6317 (2000)
17. N.V. Prokof’ev and B.V. Svistunov, JEPT Lett. 97, 649 (2013)
18. E. Vitali, M.Rossi, L. Reatto and D.E. Galli, Phys. Rev. B 82, 174510 (2010).
19. G. Ferre´ and J. Boronat, Phys. Rev. B 93, 104510 (2016).
20. F. Mezei, Phys. Rev. Lett. 44, 1601 (1980).
